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Abstract. We obtain a faithful representation of the twisted tensor product A of unital 
associative algebras, when B is finite dimensional. This generalizes the representations of 
[3] where B = K[Xy < X'^ - X >, [5] where B = K[X]I < X^ > and [7] where B = K". 
Furthermore, we establish conditions to extend twisted tensor products B 0^ A and C A 
to a twisted tensor product (B x C) A. 


Introduction 

Let fc be a commutative ring and let A, B be unitary fc-algebras. A twisted tensor produet of A 
with B (over k) is an algebra structure defined on B, such that the canonical maps iA- A —> 
A^k B and is-B —> A®k B are algebra maps satisfying a®b = iA{a)iB{b). This structure has 
been studied by many people with different motivations (see for instance m. [I], m, 0,0, CO], 
my On one hand it is the most general solution to the problem of factorization of structures in 
the setting of associative algebras. Consequently, a number of examples of classical and recently 
defined constructions in ring theory fits into this construction. For instance, Ore extensions, skew 
group algebras, smash products, etcetera. On the other hand it has been proposed as the natural 
representative for the cartesian product of noncommutative spaces, this being based on the 
existing duality between the categories of algebraic affine spaces and commutative algebras, under 
which the cartesian product of spaces corresponds to the tensor product of algebras. Besides 
that, twisted tensor products arise as a useful tool for building algebras starting with simpler 
ones. 

Given algebras A and B, a basic problem is to determine families of twisted tensor products of 
A with B (ideally all of them) and classify them up to a natural equivalence relation. In general 
this is a very difficult problem. For instance, in Corollary 4.2] it was proven that determining 
all the twisted tensor products of A with k[X]/{X^) with the form 

(1 ® A)(a (8 1) = a ® A + 7^(0) ® + 7^(0) ® A^ + 7^(0) (8 A^ 

where 'yf'-A A (j = 2,3,4) are fc-linear maps, is equivalent to find all the pairs (di,(52) of 
derivations of A, such that [di] u [^2] = 0, where [di] is the class of Si n the cohomology group 
H^{A) and u denotes the cup product. In spite of these difficulties, this problem was considered 
for different types of algebras in 0, 0, H and [5]. When fc is a field and the algebras involved 
are finite dimensional over fc, as in the these papers, given twisted tensor product C of A with 
B and fixed a basis {61,..., there exists maps j^y.A^ A, satisfying suitable condition, such 
that 

n 

x(l ® a){bi ® 1) = y) ® for all a € A an all i. 

J=i 
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In Corollary 12.11 and Proposition 12.51 we show that these conditions are satisfied if and only if 
the map and introduced in the statements of these results, are matricial representations 
of algebras. The first step in the study of the twisted tensor products considered in 0,0, m 
and [8] was determine the conditions required to the maps by means of direct computations. 
Using the fact that and (f>^ must be representations, these conditions arise naturally in each 
of the examples, as is shown in the last section. 

1 Preliminaries 

Let K he a commutative ring with 1. All the maps considered in this notes are AT-linear maps, 
the symbol denotes the tensor product over AT, by an algebra we understand an associative unital 
AT-algebra and the algebra morphisms are unital. 

1.1 Twisting maps 

Let A and B be algebras, and let pA and pB the multiplication maps of A and B, respectively. 
A twisted tensor product of B with A is an algebra structure over the AT-module B® A, such that 
the canonical maps 

ib'-B — >B®A and ia-A — >B®A 
are morphisms of algebras, and iB{b)iAia) = b® a for all 6 € B and a e A. 

Given a twisted tensor product of B with A, the map 

X- A® B —> B ® A, 

defined by y := /i o ® *b), satisfies: 

(1) x(l ® ^ ® 1 and x(a ® 1) = 1 ® a, for all a e A and be B, 

(2) yo ® B) = (S ®/ja) ° (x® A) o (A® x), 

(3) yo (A®/rs) = (^B ® A) o (B ® x) o (x® B). 

A map fulfilling these conditions is called a twisting map. Conversely, if 

X-A® B —^ B ® A 

is a twisting map, then A® B becomes a twisted tensor product via 

p^ ■■= {pB ® pa)°{B ®x® A). 

This algebra will be denote B ®^ A. It is evident that these constructions are inverse one of each 
other. 

Remark l.I. The right action of A on B ®^ A induced by the canonical map of A into B ®^ A, 
is the canonical right action of A on i? ®jj. A. Similarly, the left action oi B on B ®^ A induced 
by the canonical map of i? in B ®^ A is the canonical left action of i? on B ®jj. A. 

Remark 1.2. It is easy to check that the twisted tensor product B®^A has the following universal 
property: given morphisms of algebras (p'.A^C and 'ip. B ->■ C, there exists a unique morphisms 
of algebra 'L: i? ®^ A —>• C such that 'it oiA = (f and T o zb = '0 if and only if 

PC o (if ® ■ip) = PC o i'ip ® ip) o X- 

Consequently, if C is a twisted tensor product E®^D, then given morphisms of algebras f'.A^D 
and g'.B-^E, the map 

g ® f: B ®^ A —> E ®^ D 

is a morphism of algebras if and only \i uj o {f ® g) = {g ® f) o x- 
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1.2 Twisting maps of finite dimensional algebras 

From now on we assume that K is a field and that B is a finite dimensional algebra over 
K. Moreover we fix a basis B ■= of B. Recall that the structure constants A* 

{1 <i,j,k <n) ot B with respect to B are the scalars determined by the equalities 

n 

= Z ^%bu. 

k=l 

Since the multiplication B is associative, the Af^ ’s satisfy 

n n 

E \l \m _ \l \m 
\j^lk - 2^ '^jk\l ’ 

/=1 /=1 

Moreover, since B is unital, if 1 = c^jbj, then 

n n 

j=i j=i 

A map y: A (g) i? —> B <S> A determine unique maps 7 ^: A —>■ A (0 <i,j < n), such that 

n 

x{a®bi) = Zbj for alH. (lA) 

i=i 

Proposition 1.3. The map x is a twisting map if and only if the functions 7 * satisfy the 
following properties: 

(1) 7^^(l) = (5yl, 

( 2 ) xKcia') = Y,l^{aH{a'), 

( 3 ) akiA = YiOi^x^ , 

(4) = 

More precisely, conditions (1) and (2) are satisfied if and only if x is compatible with the algebra 
structure of A, and conditions (3) and (4) are satisfied if and only if it is compatible with that 
ofB. 

Proof. Left to the reader. □ 


2 The canonical representation 

Recall that the regular left representation of a AT-algebra C is the morphism l:C —EndK(C)c 
defined by l{c) ■= Ic, where Ic e End/f(C) is the map given by lc{d) ■= cd for all d e C. Since 
4(1) = c for all c € C, this is a faithful representation. Consequently, for each algebra L the map 
l^-.B°P ( 8 ) L ^ End(B°P ® L)l, given by 

B°P»L - - ->EndK(R°P®L)L’ 


End/i'(il°P ® L)b°p»l 




in which i is the canonical inclusion, is a faithful representation, called the canonical representa¬ 
tion of B°'^ (g) E. 
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From now on we set E := Endx(Al). In the rest of the section we assume that we are in the 
conditions of Subsection If .21 and we denote by B' the basis {6°^, •••, 6°^} of 

Proposition 2.1. Items (3) and (4) of Provosition 031 are satisfied if and only if 


B°P --> B°P (gi E 

b7 I-> 


is a morphism of K-algebras. 

Proof. This follows by a direct computation. □ 

Corollary 2.2. Consider the right E-linear bijection 

B°P^E - ^ 

bl^ ® 1 I-> Ck 


where {ei,..., e„} is the canonical basis of E^. Items (3) and (4) of Provosition \1.3\ are satisfied 
if and only if the map 

^op - ^ - > End(F;”)£; 

f,op I-, „ ^-1 

is a representation of B°^ or, equivalently, if the map p^:B°'^ —> Mn{E), that sends e B°^ 
to the matrix of Px{b°^) 'with respect to the canonical basis, is a matrix representation. 

Proof. Since l^ is faithful and fs' is a bijective map, this is an immediate consequence of Propo¬ 
sition [2T] □ 


Definition 2.3. By definition, for each b^eB the structure matrix of bk with respect to {B,B) 
is the matrix [bk]B '■= > where the A“„’s {1 < u,v,w < n) are the structure constants of B 

with respect to B. 


Remark 2.4. A direct computation shows that 


MbT) 


[EaU . 

n 

/=1 

1=1 

n 

TKni • 

\i=i 

n 

• TKai 
1=1 


n 


i=i 


for all k, 


where is the structure matrix of with respect to {B°’^,B). 


Proposition 2.5. Conditions (1) and (2) of Provosition \1.3\ are fulfilled if and only if the 
function End(i? ® A)a, defined by 4>x{ob){bk ® 1) ■= Zj bj ® 7^(a), is a morphism of 

algebras or, equivalently, if the map fix'^ — ^n{A), that sends a ^ A to the matrix of fixi^) 
with respect to the basis S ® 1 := {6i ® 1,..., ® 1} of B ^ A, is a matrix representation. 


Proof. This follows by a direct computation. 


□ 


Remark 2.6. Erom equality (HU it follows that fixi^^ib ® 1) = x(a ® b) for all b e B. In 
particular 0^(a)(l ® 1) = 1 ® a, which implies that fix is injective. 
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Corollary 2.7. Consider the isomorphisms of right A-modules 

Cb 


B® A 
® 1 


^ fk 


where is the eanonical basis ofA^. If x is a twisting map, then the funetion 


B®^A- 
b® a h 


]A 


End(^")A 


is a representation of B ®^ A in End(Al”)^. 

Proof. This follows from Proposition [23 the fact that under condition (4) of Proposition [T31 

°hi»i = °<?^x(7*(a)), 

j 

and the fact that fs' is a bijective map. □ 

Remark 2.8. A direct computation shows that 

^601 4^x (a)(6' ® 1) = (6 ® l)x(o ® b') for all a 6 A and b, b' e B. 

Consequently 4®! ° ® 1) = & ® a, which implies that is an injective map. 

Corollary 2.9. If x is a twisting map, then the formulas 

tpxia) := 

for all a € A and 1 < k <n, define a faithful representation ip^: B ®^ A —> Mn{A). 

Proof. It suffices to note that the matrices of x^b( 1 ® “) ^-nd x^si^k ® 1) in the canonical basis 
of A^, are the matrices (Pxi^) ^^d (p^{bk), respectively. □ 


(ilia) ■ 

• 7n(a)^ 


• ^kn ■ 1^'' 

i 


and (p^{bk) := I : 


\7r(«) • 

• 7”(«)y 


• Al'ia, 


3 Extensions of twisting maps 

Let A, B and C be iX-algebras with B and C finite dimensional. Write D ■.= BxC. Let is’-B D, 
ic'-C D, pb'D B and pc'-D ^ C be the canonical maps. In this section we study on one 
hand twisting maps -tp: A® D —> D®A such that the map 0 := {pB®A')oipo(^A®iB) is a twisting 
map, and on the other hand twisting maps such that both maps, 0 and T := {pc® A) o'ipo{A®ic), 
are twisting maps. 

Fix basis B = {&i, 62 , •••, bn} and C := {ci,..., Cm} of B and C, respectively, and let T> denote 
the ordered basis {bi,b 2 ,---,bn,ci,... ,Cm} of T>, where we identify bi with (&i,0) and Ci with 
(0,Ci). So, 2? = {di,... where 

^ \bi if i<n, 
yci-n if i>n. 

The structure matrices of the elements of D with respect to {D,T>) are 

= and [cfc]i, = |Q (1 <Z<m). 
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Let ai,... ,an, Pi, ■ ■ ■, Pm be the scalars such that 

n m 

1 _D = (Is, Ic) = OLkbk + Y 

k=l 1=1 

Each map iji'. A® D —*■ D ® A determines uniquely functions 7 ^ {1 < i,j < m + n), such that 


ili{a®di)= Y dj®Yiia) 

i=i 


(3.2) 


(1 < i, < n) and 
and of C with respect to C, respectively. Write 


Let (1 < i,j, k <n) and r]^j (1 < i,j, fc < to) be the structure constants of B with respect to B 


B 


( 1 ) ._ 


A 


Y^\l^k ■ ■ ■ Y^nl¥k 


1=1 


1=1 


YKiii 

\i=i 


YKit, 

1=1 / 


M„(E) 


(1 < fc < n), 


B 


( 2 ) ._ 


Ydliik^ 


1 ~.l+n^ 


1=1 


E l 

Vml^k 

1=1 


E _m ~ l+n 

Vlllk 

\l=l 


E rn 
Vml^k 


1=1 


Mm{E) 


(1 < fc < n), 




a 


(1) 


Y^ini +n Y-^nl7k+' 


1=1 


1=1 


Y^ll7k+n 

\l=l 


e M^{E) 


(1 < fc < to ) 


and 


C, 


( 2 ) ._ 


E l ~l+n 
Vll1k+n 

1=1 


E rn ~Z+n 
^1/ Tfc+n 

\/=l 


/=1 


m \ 

YvlniTn 

1=1 


E rn ~i+n 
Vml^k+n 

1=1 


eMm{E) 


(1 < fc < to ). 


Suppose that V’ is a twisting map. The representation p^:D°^ —*■ Mm+n{E) of Corollarv l2.2l is 
given by 


M^T) = I 


^ j (1 < fc < n) 


0 B 


( 2 ), 


and 




I 0 cfV 


(1 < fc < to ). 


(3.3) 


(3.4) 


Lemma 3.1. The map p^:D°'^ —*■ Mm+n{E) defined by (3.3)-(3.4) is a representation if and 
only if the following conditions are satisfied: 

)i?b) = £ 

k=l 


for I € {1,2} and 1 <i^j <n, 


(3.5) 
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m 

/^(0^(0 _ 'V' /^(O 

S' " 2^ 

k=l 

= 0 


for I 6 { 1 , 2 } and 1 <i,j <m, 

for I e {1,2}, 1 <i<n and I < j <m, 


i=l 3 = 1 


and 


Eazi?r + E/3.^r=idM™(^)- 

i=l 3 = 1 

Proof. This follows from a direct computation. 

The representation 0^: A —*■ Mm+n{A) of Proposition 12.51 is given by 

/ 7i(«) 7n+m(a)\ 


0^(a) 


Write 


^ 7 r™(a) lT.^{a)j 

1 _ (r°(a) r;(a)\ 

- ^U(a) U(a)j’ 


for ae A, 


with rO(a) € M„(K), rO(a) € M^.ruiK), ^(a) e Mm.n{K) and ri(a) € Mm(K). 
Remark 3.2. Equality (|3.2I) shows that T? = 0 if and only if ® C) £ (7 ® A. 


(3.6) 

(3.7) 

(3.8) 


(3.9) 

□ 


(3.10) 


Lemma 3.3. The map —>• Mm+niA) defined hv \d.l(K is a representation if and only if 

the following conditions are satisfied: 

r°(i) = /„, U(i) = /„, r°(i) = o, rJ(i)=o ( 3 . 11 ) 

and 

r^(aa') = rQ(a)r°(a') + r(’(a)rg(a') for a,a'^ A and 0 < p,q < 1. (3-12) 

Proof. Straightforward. □ 


Lemma 3.4. Let fi: A®D —> D®A he a map and let 7 )* (1 < i,j < m+n) be the maps determined 
by the equality (1321). Let is'-B ->• D and ps'-D B be the canonical inclusion and the canonical 
surjection, respectively, and suppose that the map 0 := {pb ® A) o ij) o {A® is) is a twisting map. 
Then if is a twisting map if and only if the following conditions are satisfied 




k=l 


-f(2)^(2) 


( 2 ) 


k=l 

„( 2 )^( 2 ) ^ ( 7 ( 2 ) „( 2 ) ^ Q 




= idM^(£;), 




r?(aa')=rS(a)rO(a')+r?(a)U(a') 
U(aa')=rJ(a)r°(a')+U(a)U(a') 
r?(a)rJ(a') = o 


for 1 < < n, 

for 1 < i,j < m, 

for 1 <i <n and 1 < j <m. 


for a,a' e A and 0 <p < 1, 
for a, a' e A, 
for a,a' e A 


(3.13) 

(3.14) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 
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and 

r}(i) = /„, r°(i) = o, rJ(i) = o. ( 3 . 21 ) 

Proof. By Corollarv l2.21 Proposition^^ Lemma llO and Lemma llOl we know that ■i/' is a twisting 
map if and only if conditions (13.511 - (13.911 . (j3.11ll and (13.1211 are fulfilled. Since TgCa) = ^e{a) and 
0 is a twisting map, we have 

r°(aa')=rl](a)r°(a') and r°(l)=/„. 

Hence conditions (13.1111 and (13.1211 are equivalent to conditions (I3.18I1 - (I3.21I1 . Moreover, again 
since 0 is a twisting map and we have 

n n 

= E 44'^ and ^a,Hf)=idM„(E). 

k=l 2=1 

So, condition (Ell) is satisfied for 1 = 1, and condition (13.811 becomes equivalent to 

m 

^/3,cf)=0. 

1=1 

Consequently, if '0 is a twisting map, then 

m ^ m /Q 0 \ 

/3?/j(lc) = E ~ E Po (j(^) j > 

since is a representation, and so = 0. Conversely, if conditions (I3.13|I - (I3.21II are fulfilled 
and 0 is a twisting map, then a direct computation shows that conditions (13.511 - p. 911 . (13.lip and 
p.l2p are satisfied, which proves that '0 is a twisting map □ 

Proposition 3.5. Let ip:A^D —> D ® A he a map and let 7 ^ (1 < i,j < m + n) be the maps 
determined by the equality (EH). Let is-B -> D and ps-D =>■ B be the canonical inclusion and 
the canonical surjection, respectively, and suppose that the map 0 := (pb ® A) o j) o (^A^is) is a 
twisting map. Then if is a twisting map if and only if the following conditions are satisfied 


Bf^Bf = ^ \%Bf^ 

k=l 

for l<i,j <n. 

(3.22) 

II 

0 


(3.23) 

k=l 

for 1 <i,j <m. 

(3.24) 

^(2)^j2) ^ (7j2)^(2) ^ Q 

for 1 < i < n and 1 < j < m. 

(3.25) 

1=1 j=i 


(3.26) 

r? = o. 


(3.27) 

II 

for a, a' e A, 

(3.28) 

rj(aa')=r;,(a)r°(a') + ri(a)rj(a') 

for a, a' e A, 

(3.29) 

r}(i) = /™, rJ(i) = o. 


(3.30) 


and 
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Proof. <=) By Lemma [3T11 this is clear. 

=>) Again by Lemma [3.41 it suffices to check that r° = 0 or, equivalently, that ipiA 0(7) £ (7 0 A. 
Module a basis change we can assume that bi = 1 b■ In this case, since we have: 

= E = E KnLn = ) .^ = 0 

1=1 1=1 ■’ 

for I 6 {1,..., n} and j e {1,..., m}, as desired. □ 

Remark 3.6. For each a € A, write 

/7i(a) Ini^y 

\7r(a) ... 7;:(a)/ 

flntiia) 7ntL(a)^ 

pc(a) ■■= : ■•. : 

\7«+i (a) ln+mya)l 

and 

(ir\o) ... 7r'(a)\ 

A(a) := : ■•. : . 

If the hypothesis of Proposition 13.51 are satisfied, then 

= (3-31) 

Furthermore, since 75 ^ is a representation, the following equalities hold 

(fiBiaa') = ipB{a)ipBia'), 

(ficiaa) = <fc(a)<fc(a') 

and 

A(aa') = A(a)<pB(a') + ipc(a)A(a'), 

for all a, a' € A. 


Corollary 3.7. Suppose that the hypothesis of Proposition are satisfied. Let ic'C D 
andpc-D C be the canonieal inclusion and the canonical surjection, respectively. If the map 
T := (pc ® A) o ip o ic) is a twisting map. Then ip is a twisting map if and only if tp = Q 

Proof. Use Proposition 13.51 and Bemark |3.2I applied to B and (7. □ 


4 Change of Basis 


The representations introduced in Section [2] depend on the choice of the basis in B. In this 
section we analyze how the representations and behave under a base change. 

Let A, B and (7 algebras over a field K and let f.B^Chea morphism of algebras. Assume 
that B and (7 are finite dimensional and fix basis B = {bi,... ,bn} and C = {ci,...,Cm} of i? and 
(7, respectively. Consider the matrix 


/Cl-U ... 

\cr-u ... c’-u, 


Miif) : 
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where the scalars are determined by the equalities 

m 

m) = Y,Q■c^■ 

i=l 

Proposition 4.1. Let y: A ® B —>• B ® A and w-A^C —> C ® A be twisting maps. The map 

f 0 A: B A —^ C <S>^ A 
is a morphism of algebras if and only if 

(p^(a) AI^{f) = M^{f) >p^{a) for all a e A, (4.32) 

where and are the representations defined in Corollarv \2.9\. 

Proof. Let ^I'.A^ A (1 < i,j < n) and jf'.A^A (1 < i,j < m) be the maps determined by the 
equality (HU applied to % and vj, respectively. A direct computation using Remark |1.2I shows 
that / ® A is a morphism if and only if 

n m 

E a ■ 7U«) = E Cfc • 7u(«) for all a e A. (4.33) 

2 = 1 22 = 1 

But this happens if and only if condition (14.321) is fulfilled. □ 


Remark 4.2. Let 


^(/) 


'CEid 


CEid\ 


e Mmxu{E). 


\Cr-id C-id/ 

A direct computation using (14.321) shows that under the hypothesis of ProDOsition l4.ll we have 

Mf{br)M^if) = M^if) Pxib^n, 

for all be B. 


Corollary 4.3. Let B' ■= {b'l,... ,b'^} be another basis of B and let and p'^ be the representa¬ 
tions associated to x according Corollaries \ 2. 2\ and \2.9\. but using the basis B' instead ofB. Let 
M := Mg (ids) and M := M® (ids). Then 

= M M~^ and p^ib°^) = M p^{b°^) M~^,for all a e A and b e B. 

Proof. A straightforward computation using Proposition 14.321 and Remark 14.21 □ 


5 Examples 

5.1 Non-commutative duplicates of finite sets 

Consider the algebra B = '''^dh the basis B = {1, A}. The structure matrices of 1 and X 

with respect to {B,B) (see Definition 12.31) are the matrices 

[A]e = (j J) and [l]e = (j 

Consider a map y: A ® B —>• B <S> A. Proceeding as in Subsection 1.2 we determine maps 
72 : A ^ A and yf: A A such that 

x{a ® X) = 1 ® + A ® 7 ^ 0 )- 

By Corollarv l2.2l and ProDOsition l2.5l we know that y is a twisting map if and only if the maps 
pp.B°'P —>■ Mn{E) and (j)x'^ —*■ Af„(A) are matrix representations. The associated twisted 
tensor products A®^ B were studied in [3], where they are called Non-Commutative Duplicates 
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(Actually they studied twisted tensor products B A, which gives the same results, taking the 
opposite algebras). 

The map pb'-B°'^ —> M 2 (A) is given by the matrices 

= id)^ 

The equalities pb{X) = pb{X^) = pb{XY determine the conditions 

(1) 72 °72 =lh 

( 2 ) 7I ° 72 + 72 ° 7I + 7I ° 7I = 7I, 

(3) = 

that the maps 72 , yf must satisfy in order that pB be a representation. 

On the other hand the map is given by the matrices 



A direct computation shows that is a representation if and only if the maps 72 and yf satisfy 

( 4 ) 72 '( 1 )= 0 , 

(5) 7l(l) = l, 

(6) 72(06) =072^(6) +7|(a)7|(6), 

(7) 7 |(a 6 ) = 7 |(a) 7 |( 6 ). 

It is easy to to see that (1) and (2) imply (3), while (5) and ( 6 ) imply (4). Therefore, the 
above conditions are satisfied if and only if / := 7 I is an endomorphism of A and <5 := yf is an 
(id, /)-derivation satisfying f = P + 5of + fo5 (Compare with [3l Definition 2.7]). 

Finally, the representation in Corollarv l2.9l is given by the matrices 

‘f'x(a):=(o for a € A, ip^{X) = and Jj • 

5.2 Factorizations structures with a two-dimensional factor 

Given a polynomial P(X) := - aX + /3 € Ar[A] consider the algebra B = with the basis 

B = {1, A}. The structure matrices of 1 and A with respect to {B,B) are the matrices 

m„ = (» -p) .„d [ib.(J ;), 

Consider a map y;: A ® i? —*■ B ^ A. Proceeding as above we determine maps y^: A ^ A and 
yf: A A such that 

X(a® A) = 1 ( 8172 ( 0 ) + A 072 ( 0 ). 

As above, x is a twisting map if and only if the maps p^-B°'^ —s- M„(i?) and (px'--^ —*■ A7„( A) 
are matrix representations. The associated twisted tensor products A ( 8 ^ B (respectively B ®x 
were studied in [5], where they are called quantum duplicates. The maps / and S considered in 
that paper correspond to the maps yf and 72 , respectively. 

The map pb'-B°'^ —> M 2 (A) is given by the matrices 

= :)■ 

The equalities /3p(A)^ = pb(A^) = app(A) - /3pp(l) determine the conditions 
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(1) 72 ° 72 - Pll °ll = “72 - P id, 

/o\ 1 2,2 1 , 2 2 2 

(2) 72 ° 72 + 72 ° 72 + «72 ° 72 = «72 > 

that the maps 72,72 must satisfy in order that ps is a representation. 

On the other hand the map (j)-^ is given by the matrices 

= ^l(a)) 

A direct computation shows that is a representation if and only if the maps 72 and 7 I satisfy 

(3) 7l(l) = l, 

(4) 72^0^) = a72(&) +72(a)7l(^), 

( 5 ) ll{ah)=-fl{a)-il{h). 

Therefore, the above conditions are satisfied if and only if / := 7 I is an endomorphism of A and 
5 := 72 is an (id,/)-derivation satisfying 

P{5)=pf and f 06 + 60 f = aif-f) 

(Compare with [5J Lemma 1.1]). 

Finally the representation in Corollary 12.91 is given by the matrices 

= 1 (a)) = “ 1 ) and ^,( 1 ) = (j j). 


5.3 Twisting with 


Let B := AT" and let B 2 = {ei,..., e„} be the canonical basis of B. The structure matrices of 
Cl,..., e„ with respect to {B,B) are the matrices en,, e„ri, where ea is the matrix with 1 in 
the i-th entry of the main diagonal and 0 in the other entries. Given a twisted tensor product 
X'-B ^ A —> A^ B we have maps 7 ^: A —> A {1 <i,j <n) defined by the equalities 

n 

X(a®ei) = Eei ®7*(a). 

1=1 


As above, x is a twisting map if and only if the maps p^. B°'^ —>■ Mn{E) and —*" ^niA) 

are matrix representations. The associated twisted tensor products A 0 ^ B were studied in [7]. 
The maps Eji considered in that paper correspond to the maps 7 *. 

The map pb-B°^ —> Mn{E) is given by the matrices 


Psiei) 


0 

0 7- 


0 

0 


\0 0 ... 7 ”/ 


The equalities 

PsieiY = psisi), 


PB{ei)pB{ej) = 0 


and pB(ei) + ••• +/3B(e„) = id 


determine the conditions 


( 1 ) if ° Ij = 6 zjlf (1 < iJ,P < n), 

(2) E"=i 7j = idvl for f = 1, ■ • ■, n, 
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that the maps 7 ^^ must satisfy in order that ps is a representation. 
On the other hand the map is given by the matrices 


^x(a)= 


/7!(«) 

Wca) 


7n(a)' 


for ae A. 


A direct computation shows that (j)^ is a representation if and only if the maps 7 * satisfy 

(3) 7 ](a 6 ) = Ep=i 7 p(a) 7 ^^(&) for i,j = 1,... ,n, 

(4) 7](1a) = SijlA for i,j = 

Conditions (l)-(4) correspond to the conditions (6)-(9) in [?]■ 

When n = 2, we have the isomorphism which sends A to 62 - Using Proposition l4.ll 

is straightforward to check that the maps / and 6 in the first example satisfy 

f = and 5 = ^1- 

The matrix representation (j)^ can be used to define a pair where Qy, is a quiver and 

TZy^ is a representation of the quiver as follows 

Definition 5.1. The Quiver Qx i® defined as follows: the set of vertices of T^^ is {vi,---^Vn}■ 
The vertices Vi and Vj are joined by an arrow with the source vj if and only if 7 * + 0 

Definition 5.2. Let Q^^-be the quiver associated to The representation TZy^ of Qy^ is defined 
by the family of vector spaces {UlieQo and the family of AT-linear maps {fajasQ^,, where 

Vi =A, fa= ^Vi, j = s{a),i = t{a) 

Remark 5.3. The map y is a twisting map if and only if the pair (Qy^, TZy^) es admissible of order 
n ( see [71 Definition 1.7]) 

(1) The conditions (l)-(2) correspond to splitted condition ( see (TJ Proposition 1.6]) 

(2) The condition (3) corresponds to unital condition ( see [TJ Proposition 1.6]) 

(3) The condition (4) corresponds to factorizable condition ( see [71 Proposition 1.6]) 


5.4 Extensions of iC™ to 


Consider a twisting map x:A®Ar" —s- K'^®A defined by x(a®ej) = ei®jj{a) and suppose 
that exists m<n such that the map 0:^077™ —> K^®A defined by Q{a®ej) = XSi 
for j 6 {l,-",m} is a twisting map. Write 


^ = PB{e,) = 


ll] 

0 


7? 


\ 0 0 

.(1) 


0 \ 
0 

iT! 


for j € {m + 1 , •••, n}. 


Then, by proposition 13.41 we have Cj - 0 for j € {m + l,"-,n}, consequently 7 ) = 0 for i 
{1,---,to} and j € {m + l,"-,n}. Therefore, the representation looks as follows 


(^x(a) 


/'0e(a) ^ 0 \ 

\A(a) (j)K^-m{a)) 


para todo a e A, 


(5.34) 
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where 


A(a) 


(ir\a) . 


and pk-^- 

Aa) = 

'iTAia) . 

• iT]{ciy 

1 7r(a) . 

■ 7m(a) ) 



am+l(o) . 

■ 7n(a) ; 


for a & A. 

In particular, the twisted tensor products that come from a Quiver of rank 1 with a cycle of 
length 2 studied in [71 Theorem 4.6] are extensions of a twisted tensor product generated by the 
twisting map 0: >1 ® ® A. 

On the other hand, when the map ^ K^~'^®A defined by T(a®ej) = EHm+i c*® 

7 ®(o) for j e {m+ l,---,n} is a twisting map. Write 


Sf'’ =PB{ej) 


0 

0 


0 

0 


for je{l,---,m}. 


\ 0 0 ... 7 "/ 

Then, by corollarv l3.71 we have = 0 for j e {1, consequently 7 * = 0 for i e {to+ 1,..., n} 

and j 6 {!,...,m}. Therefore, the representation looks as follows 


ip^{a) = 


(pe{a) 

I 0 


0 \ 

<pr{a)) 


para todo a e A, 


(5.35) 


The twisted tensor products for which m = 2 and T come from a Quiver of rank 1 without cycles 
of length 2 studied in [71 Theorem 4.6] are extensions of a twisted tensor product generated by 
the twisting map 0: >1 ® ® A. By example, the twisting map for which tpy = id where 

studied in [71 Corollary 4.3]. 

Now we construct extensions from to K^. Consider a twisting map 
defined by 

X(a® Cj ) = ei ® 7 ^( 0 ) + 62 ® 7 ^( 0 ) + 63 ® 7 |(a) j e {1,2,3} 
and suppose that the map 0 : ® —>■ ® defined by 


0(a® Cj) = 61 ® 7j(a) +62 ® 7|(a) j € (1,2) 
is a twisting map. Then, by Proposition [331 ’^6 know that 7 ^ = 73 = 0. 


5.5 Noncommutative truncated polynomial extensions 

Let B ■■= with the basis B = {1,F,...,The structure matrices of 1 and F with 
respect to {B,B) are the matrices 



/O 

0 ■■■ 

0 

o\ 


n 

0 

0 - 

o\ 


1 

0 

0 

0 


0 

1 

0 - 

0 


0 

1 ... 

0 

0 

and [ 1 \b = 

0 

0 

1 - 

0 


^0 

0 

1 

Oy 


^0 

0 

0 ... 

h 


Given a map y: i? ® d —>• A® B 'we have unique maps 7 ^: A —> A (0 < i, j < n - 1) such that 

71-1 

x(a®FQ= ^F^® 7 ^(a). 

0=0 

We know that x is a twisting map if and only if p^\B°'o —> Mn{E) and 4>x-A —> Mn{A) 
are matrix representations. The associated twisted tensor products A®^ B were studied in [^. 
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The maps —*■ considered in that paper are related to the maps -> A by the 

equalities 7^ (a°^) = 7 ](q) for 0 <i,j <n and all a e A. 

The map —> Mn{E) is given by the matrices 



( 7° 

0 

0 

••• 0\ 


ll 

7° 

0 

... 0 



il 

7° 

... 0 
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ir^ 
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The equalities 

MYl = /5b(F”) = 0 and /3B(l)=id 

determine the conditions 


(1) 7o='^Ojid, 


(2) 7^ = li-i ° l\ for j < n, 1 < r < n and 0 < i < r, 

(3) E/=o ° 7i = 0 for j <n and 0 < i < n, 

that the maps 7^ must satisfy in order that ps is a representation. 
On the other hand the map (p-^ is given by the matrices 

/ 7o(a) 7°-i(a)\ 


<^x(a) = 


for a 6 7l. 


jo"-'(a) ... 


A direct computation shows that (p-^ is a representation if and only if the maps 7* satisfy 

(4) p]{ah) = Zp=i%(a)7j(&) for i, j = 0,... ,n - 1, 

(5) 7j(lA) = SijlA for i, j = 0,... ,71 - 1. 

Conditions (l)-(5) correspond to the conditions (2)(a)-(d) in O Proposition 1.2] and to the 
assumption 7J = 0 for r >n made in that paper. 
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